Abstract. The first main result of this paper is that summable isotype subgroups inherit total projectivity. This means: (*) if an isotype subgroup of a totally projective group has a free socle (viewed as a valuated vector space) then the socle completely determines the subgroup up to isomorphism. The next major result is that (*) does not generalize to the case where the socle is that of a totally projective group of length exceeding Ü, nor does (*) generalize to the case where the socle is
1. Introduction and preliminaries. This paper is an expansion and revision of a previous manuscript entitled "Summable isotype subgroups inherit total projectivity".
As is well known, the structure of countable primary groups was determined by H. Ulm [16] . In his honor, the Kaplansky-Mackey numbers [11, 12] are often called "Ulm invariants". We are referring to the numbers dim(paCj[p]/pa+1G[p]); the structure of a reduced, countable Abelian p-group G is completely reflected through these cardinal numbers. G. Kolettis [13] extended this result to a direct sum of countable groups, and the author further extended it to the wider class of totally projective groups [4] , Moreover, R. Warfield [17] has shown that even a larger class of groups, which he called S-groups, are determined by the Kaplansky-Mackey numbers together with some additional numbers. These additional invariants of Warfield can also be obtained from the socle, viewed as a valuated vector space, in case the length of the group does not exceed ß but not in general.
Following R. Nunke [14] , we use the abbreviation "d.s.c." for "direct sum of countable (groups)". All groups herein are assumed to be Abelian, and we restrict our attention to thep-primary case. The smbol hc(x) is used to denote the height of x in G. Thus hc(x) = À if x E pxG but x Ç px+xG. A subgroup H of G is isotype if pxG n 77 = pxH for all A.
Pure subgroups have for a long time been significant in the development of the theory of abelian groups; however, as the theory of p-groups began to focus more on groups of infinite and even uncountable length, the more general concept of isotypeness often became more relevant than purity. Moreover, the interest in isotype subgroups, especially of a d.s.c, totally projective, or of an S-group, is enhanced for at least two further reasons which are related to the current interest in valuated groups and vector spaces. First, an isotype subgroup is simply a subgroup when the group is endowed with its natural valuation of height, \x\= hc(x). Secondly, since the structure of a d.s.c, totally projective, or of an S-group of length fi is completely determined by its socle (the underlying valuated vector space), it is natural to inquire whether or not an isotype ( = valuated) subgroup of one of these groups is determined by its socle, too, without knowing a priori that the subgroup belongs to one of structural classes listed. For example, consider the following.
Problem [2] .
It is well documented that a summable Ca-group need not be a d.s.c [6, 1] . Recall that 77 is a Q-group provided that H/paH, if not 77 itself, is a d.s.c. for each countable a. An isotype subgroup of a d.s.c. must be a Ca-group, but the converse is false and the Problem remained unsolved with this result. However, an affirmative solution is given in the next section for length Q using some recent concepts and results from valuated vector spaces.
2. Summable isotype subgroups inherit total projectivity. A concept that will be useful is that of a separable subgroup. This concept and terminology is taken from valuated vector spaces [7] ; it is not to be confused with the notion of separability found in [2] . Definition 1. A subgroup 77 of G is separable if, for each g E G, there exists a countable sequence of elements xn £ 77 such that sup{Ac(g + x):xEH} = sup{hc(g + x")}"<co.
Another relatively new concept, which was first introduced by the author for valuated vector spaces in [7] , is the following. Lemma 2. Let G be a reduced p-group of length not exceeding £2. Any infinite subgroup of G is contained in an isotype subgroup of the same cardinality.
The following observation is valuable. Lemma 3. Let H be a isotype subgroup of G. If 77 is summable, then H is separable in G.
Proof. Suppose that 77 is isotype and summable but is not separable in G. Since 77 is summable, pß77 = 0 by Theorem 84.3 in [2] . Thus we may assume that püG -0, for 77 remains isotype and nonseparable in G/paG. Assume that sup{/ic(g + x): x E 77} = Q with g £ 77. Then such an element g must exist with pg E 77. Since 77 is isotype we may assume thatpg = 0. Furthermore, for each a < fi, there exists ha E 77 such that hG(g + ha) > a, and we may, in fact, choose ha so that pha -0. Proof. Let G be the containing d.s.c, and write G -2/e/C, where C, is countable for each /'. If J C I, let G(J) = 2ye/Cy. For our purposes, the set J will depend on an ordinal a and will appear as J(a). In this case, we write G(a) instead of G (J(a) (\G(a)\<m.) To obtain both (5) and (6), some efficiency is needed in the development of the chain of subsets J(a). More precisely, we need the length t of the chain to be as small as possible. Thus we preselect t to be the smallest ordinal such that msup(wa}a<T where ma is a smaller cardinal than m. To ensure (5) and (6), we let 77= Ua<Tyla where \Aa\-ma< m. Then, for each a < t, we always choose J(a + 1) so that Aa Ç G(a + 1). Since each of the properties (l)- (3) is inductive, there is no problem in the construction of the desired chain of subsets J(a) when a limit ordinal is approached, for we simply honor (4) 
77(a + l)/77(a) s (77(a + 1), G(a))/G(a).
We show that (77(a + 1), G(a))/G(a) is isotype in G/G(a). Let x E 77(a + 1) and suppose that hG/G(a)(x + G(a))=X.
There exist g E G(a) such that hG(x + g) -X. Condition (3) implies that hG(x + c) >X for some c E 77(a) -HD G(a).
Since 77(a + 1) is isotype, hH,a+X)(x + c)5*X. Therefore, x + G(a) has height at least X in (H(a + 1), G(a))/G(a), so it is clear that (77(a + 1), G(a))/G(a) is isotype in G/G(a). It is also summable because it is isomorphic to 77(a + l)/77(a). Moreover, the cardinality of 77(a + l)/77(a) is less than m. Thus the induction hypothesis is applicable. Whence 77(a + l)/77(a) is a d.s.c, and the theorem is proved.
We have stated the theorem in its basic form, but it has the following more general versions as a consequence of the transitive property of isotype subgroups. Proof. The property of being isotype is transitive. Then 77 is totally projective whether G is or not.
An important feature of S-groups is that they appear as isotype subgroups of totally projective groups. For a complete characterization of S-groups, see [17] or [10] . The preceding facts yield 3. The insufficiency of a subfree socle in determining the structure of an isotype subgroup of a totally projective group. If a group has the socle of some totally projective group, call the group subsummable; Fuchs called such a socle subfree in [3] . It might appear reasonable to conjecture that if 77 is an isotype subgroup of a totally projective group, then 77 is totally projective if its socle permits, that is, if 77 is subsummable. However, the following example shows that this is not the case.
Let G be a totally projective group of length not less than fi + 1 and let 77 be a pa-high subgroup of G; 77 is maximal with respect to 77 n paG -0. Since H is isotype in G, we know that 77 © 2G is isotype in G © 2 G = 2G, where 2G
represents an infinite number of copies of G. Notice that the valuated vector space
. Therefore, 77 © 2G and G © 2G, as well as 2 G, have isomorphic socles. This means, in particular, that 77 © 2 G is subsummable; however, the group is not totally projective since 77 is not totally projective. The conclusion drawn from this example is stated in the next proposition.
Proposition.
The structure of an isotype subgroup of a totally projective group of length greater than Í2 cannot, in general, be entirely recovered from its socle, even if that socle is subfree.
Remark. The Proposition means that one cannot determine from its socle alone whether or not an isotype subgroup of a totally projective group is itself, totally projective. Hence our Problem has a negative solution if the length of G is beyond Í2.
4. S-groups. Earlier we mentioned that an important feature of S-groups is that they are isotype subgroups of totally projective groups. Thus we are interested in the identification of an S-group through its socle. The preceding Proposition restricts our consideration to S-groups of length not exceeding Ü. The following characterization of such an S-group is useful: an S-group of length fi is an isotype subgroup of a d.s.c that is dense in the p°-topology; an S-group of shorter length is a d.s.c. Before presenting our main positive result on S-groups, we establish the following. Theorem 2. There exists an isotype subgroup of a d.s.c. that has the socle of an S-group but is not an S-group.
Proof. Let T be the standard totally projective group of length ß + 1 ; all the Ulm invariants, fa(T), for countable a are «, and fa(T) = 1. Let paT = (c). We claim that there is an isotype subgroup H of a d.s.c. group G such that G/77 = T. In fact, the detailed construction of such an example can be found in [8] . Briefly and perhaps more elegantly the idea is as follows. Let G be the external sum of all countable subgroups A of T with the property that (A, pQT)/paT is isotype in T/püT. For each countable a, there is such a subgroup Aa with the additional property that paAa contains c, the generator of paT. Hence Aa can be chosen "arbitrarily close" to being isotype in T, but not quite since Aa contains an element of uncountable height in T. Now, the desired result is obtained if we let 77 be the kernel of the natural map of G onto T. We may assume without loss of generality that each nonzero Ulm invariant for both G and 77 is S, because a superfluous d.s.c summand can be deleted from or added to G. For simplicity of notation, let G/77 = T. Now, 77 is not an S-group since the closure of 77 in the d.s.c group G relative to the pa-topology is finite but not zero. Alternately, it can be shown directly using cotorsion hulls that the Warfield invariant k(Sl, 77) is zero.
To finish the proof of the theorem we need to show that 77 has the socle of an S-group. Let S denote the closure of 77 [p] Although an S-group of length ß must appear as a uniform isotype subgroup of a d.s.c, the converse is not true. For example, any balanced subgroup of a d.s.c. is trivially a uniform isotype subgroup, but there are balanced subgroups of a d.s.c. that are neither d.s.c groups not S-groups [15] . However, the next theorem shows that one can determine whether a uniform isotype subgroup of a d.s.c. is an S-group by looking at its socle. In the affirmative case, the whole group can then be recovered from its socle by Warfield's theorem [17] .
